This paper is concerned with introducing a series of new concepts under the name of Economic Cross-Efficiency, which is rendered operational through Data Envelopment Analysis (DEA) techniques. To achieve this goal, from a theoretical perspective, we connect two key topics in the efficiency literature that have been unrelated until now: economic efficiency and cross-efficiency.
Introduction
Data Envelopment Analysis (DEA) is a data-driven approach for estimating a piece-wise linear frontier enveloping from above a cloud of points in a space with dimensions associated with variables categorized as inputs and outputs. DEA is classified as a non-parametric and multidimensional technique, which is based on a few postulates (mainly convexity, free disposability and minimum extrapolation), and is usually used for assessing relative efficiencies of a homogeneous set of Decision Making Units (DMUs). Due to its flexibility and other advantages, in recent times, DEA has become one of the most used methodologies by researchers, practitioners and scholars in Operations Research, Economics and Engineering to estimate a best practice frontier in many different contexts. In particular, this technique allows determining an efficiency score for each evaluated unit, calculated as the distance from each DMU to the estimated frontier (see, for example, Petersen, 2018) .
Regarding the determination of the distance to the frontier, it is worth mentioning that there exist in the DEA literature many different ways of implementing this idea of proximity; being the seminal and most used that associated with the radial models of Charnes et al. (1978) and Banker et al. (1984) . In these models, defined as fractional linear programming formulations in its basic ratio-form, the technique allows DMUs to choose their own weights on inputs and outputs in order to maximize the ratio of a weighted sum of outputs to a weighted sum of inputs. In this manner, the assessed DMU is evaluated in the most favorable way and DEA provides a selfevaluation of the DMUs by using input and output weights that are unit-specific. Unfortunately, this flexibility that represents one of the distinctive landmarks of DEA makes it difficult to derive a suitable ordering of the units based on their efficiency score, as the best performing DMUs rank at the top with an efficiency score of one, all obtained with weights that are DMU-specific.
However, it is very common in real life that practitioners need to rank the set of assessed units with respect to their performance. One example is the famous Academic Ranking of World Universities (ARWU)better known as the Shanghai Ranking, where over 1,200 universities are ranked according to six objective indicators every year. Other recent examples are the ranking of a list of journals using data from the Thomson Reuters Journal Citation Reports (JCR) (see Rosenthal and Weiss, 2017) or the ranking of countries participating in a sporting event as the Summer Olympic Games 2016 (see Jablonsky, 2018) . This need has motivated the introduction into the DEA literature of different approaches for ranking the set of DMUs (Aldamak and Zolfaghari, 2017) .
One of the most popular approaches for ranking units in DEA is that known as CrossEfficiency (CE) (Cook and Zhu, 2015; Ruiz and Sirvent, 2016) . Cross-efficiency evaluation was originally introduced in Sexton et al. (1986) and popularized by Doyle and Green (1994) . While
In recent times, the interest of extending the ideas of Farrell to profit efficiency, instead of only cost or revenue efficiency, has resulted in the introduction in the literature of the so-called Nerlovian efficiency measure (Chambers et al., 1998) . This approach defines profit inefficiency in an additive way and decomposes it into technical inefficiency and allocative inefficiency.
Technical inefficiency is determined through the directional distance function, which is a graph measure in the sense that firms adjust both input and output quantities. As in the case of Farrell, the Nerlovian efficiency measure also uses the information of market prices to determine profit efficiency of each evaluated observation.
In spite of input and output weights determined by radial models in DEA being interpreted as prices-as shadow prices specifically (Lovell et al., 1994) , cross-efficiency and economic efficiency are two independent topics in the literature that have evolved in parallel, without ever making a connection. Following this thread, this paper explores the existence of a common ground, making the connection between these two research fields by introducing the concept of Economic Cross-Efficiency and its application through DEA. In particular, we show that under the customary assumption of input (output) homotheticity, the traditional bilateral notion of input (output) cross-efficiency for unit l, when the weights of unit k are used in the evaluation, coincides with the Farrell notion of cost (revenue) efficiency for unit l when the weights of unit k are used as market prices. This implies that, under homotheticity, the multilateral traditional crossefficiency notion matches the arithmetic mean of n Farrell's cost efficiencies, where n denotes the sample size. Additionally, we will show how to decompose in that case the standard crossefficiency into technical efficiency and (shadow) allocative efficiency.
The above result motivates the definition in a first instance of the concept of Farrell Economic Cross-Efficiency (FCE), based upon the notion of Farrell's cost efficiency. We prove that FCE coincides with standard cross-efficiency (CE) in the context of production functions, i.e., when only an output is produced, under restrictive assumptions. One additional advantage of the FCE is that it easily allows the extension of the concept of cross-efficiency to technologies characterized by variable returns to scale (VRS), obtaining scores always between zero and one in a natural way, something that contrasts with the current cross-efficiency framework. This point is important in the context of cross-efficiency because the standard cross-efficiency measure under VRS presents the problem of negative values for some DMUs, unamenable to sensitive interpretation. However, many empirical situations require the assumption of VRS, for example when DMUs are of very different size (bank branches, universities, restaurants, etc.) . This is the reason why some authors have tried to adapt the standard cross-efficiency to accommodate the need of using a VRS DEA model in order to avoid meaningless values (e.g., Wu et al., 2009, Lim and .
To complete the analytical framework, once the Farrell approach (FCE) has been introduced, we extend it to the wider case of profit inefficiency, by way of the notion of 'Nerlovian' crossinefficiency (NCI). This allows us to deal with the general situation of simultaneous output and input adjustments through the directional distance function. Finally, we illustrate the new concepts and their associated models by calculating and decomposing the Farrell and Nerlovian economic cross-(in)efficiencies for a recently compiled dataset of European warehouses.
The paper is organized as follows. Section 2 is devoted to introduce the relationship between cross-efficiency and economic efficiency under homotheticity and to define the notion of Farrell (cost) cross efficiency under any returns to scale. In Section 3, we extend the Farrell crossefficiency to the context of graph measures by introducing the Nerlovian economic (profit) crossinefficiency measure. In Section 4 illustrates the applied feasibility of the models by reporting several numerical results using the warehouse dataset. Section 5 concludes.
The Farrell economic (cost) cross-efficiency
Let there be m inputs, the (non-negative) quantities of which are measured by a vector
, and s outputs, the (non-negative) quantities of which are measured by a vector
. Given n observed observations or DMUs, we have the set of data denoted as
. The technology or production possibility set is defined, in general, as
under constants returns to scale (CRS) and as
under variable returns to scale (VRS) (Banker et al., 1984) .
In DEA, for each DMU 1,..., k n  the radial input technical efficiency assuming CRS is calculated through the following linear fractional programing problem (Charnes et al., 1978) : ITE X Y always takes values between zero and one and its inverse coincides with the well-known Shephard input distance function in Economics (Shephard, 1953) . Additionally, for computational purposes, model (1) can be easily linearized as: 
Any optimal solution of model (2) is an optimal solution of model (1). Moreover, the optimal value of model (2) coincides with the optimal value of model (1).
As we aforementioned, one drawback of radial input technical efficiencies is that they must not be used for ranking observations (Balk et al., 2017 
Since usually     , ,
, it is discouraged to compare the performance of the two units by direct comparison of their scores. Instead, a cross-evaluation strategy is suggested in the literature (Sexton et al., 1986, and Doyle and Green, 1994) . In particular, the (bilateral) cross input technical efficiency of unit l with respect to unit k is defined by
This measure satisfies several properties:
CITE X Y , the better (meaning of efficiency);
Before bridging the gap between the above cross-efficiency literature and the economic efficiency literatures, we need to briefly recall the latter through the classical Farrell approach (Farrell, 1957) . We start considering the Farrell radial paradigm for measuring and decomposing cost efficiency. For the sake of brevity, we state our discussion in the input space, defining the input requirement set L(Y) as the set of non-negative inputs 
The standard (multiplicative) Farrell approach views cost efficiency as originating from technical efficiency and allocative efficiency. Specifically, Farrell quantified, and therefore defined, each of these terms as follows:
where
is the Shephard input distance function (Shephard, 1953 ) and allocative efficiency is defined residually as the ratio between cost efficiency and technical efficiency or, explicitly, as 
common market prices for all firms within an industry, then the natural way of comparing the performance of each one would be using the left-hand side in (6). We then could assess the obtained values for each firm since we were using the same reference weights (prices) for all the observations, creating a market based ranking.
Next, we are going to show that, under input homotheticity, the traditional bilateral notion of the cross input technical efficiency of unit l with respect to unit k,
CITE X Y k , coincides with the Farrell notion of cost efficiency for unit l, i.e., the left-hand side in (6), when the input weights
, are considered as input market prices. Nevertheless, we first recall the definition of input homotheticity (Jacobsen, 1970) .
Definition 1. The technology T is input homothetic if and only if
, where
Input homotheticity is customarily assumed in empirical applications measuring overall economic efficiency because it ensures that radial reductions of inputs can be rightly interpreted as technical improvements resulting in cost savings. This is because, whatever the allocative efficiency magnitude resulting from the first order conditions for cost minimization-i.e., summarized in the (in)equality of marginal rates of substitution to input price ratios, it does not change along the radial contraction path represented by the input distance function. This result stems from one remarkable technological property normally taken for granted in the literature by customarily assuming homotheticity, that the marginal rates of substitution among inputs are independent of the output level, and therefore the radial contractions of input quantities leave allocative efficiency unchanged-see Proposition 2 in Aparicio and Zofío (2017:137) . The geometric idea behind the notion of input homotheticity is that the input requirement sets for different output vectors along factor beams are "parallel" blown-ups (in contrast to Figure 1 where the map of isoquants corresponds to a non-homothetic technology). Given the advantages of assuming homotheticity among the most common technological properties, it comes as no surprise that it is routinely assumed by researchers, Chambers and Mitchell (2001) .
The satisfaction of this property has relevant implications for this study in terms of the input requirement set and the cost function, which can be rewritten as follows (see Färe and Primont, 1995) :
In order to prove the result that relates traditional cross-efficiency to Farrell's cost efficiency, we need to prove some previous results. We start showing the Linear Programming model that is used in DEA under CRS to determine the minimum cost, given the output level Yl and prices
In particular, under input homotheticity, expression (8) 
Proof. In particular, we need to prove that
. By (7), we have that
. Additionally, under Constant Returns to Scale, Färe and Primont (1995) 
In this way, we have that 
Note that (13) and (14) V U is an optimal solution of (14) and, consequently, optimal solution of (15). This
V U is an optimal solution of (14) and 
In this way, under input-homotheticity traditional cross-efficiency can be reinterpreted in terms of Farrell's overall economic efficiency. This also implies that cross-efficiency could be easily decomposed into two components by applying (6) . ,
Hence, under input homotheticity, cross-efficiency of unit l can be seen as technical efficiency of unit l times a 'correction' factor, associated with the arithmetic mean of n (shadow) allocative efficiencies of unit l, each one calculated from the input shadow prices of unit k,
Theorem 1 has also some interesting by-products. For example, in a DEA context where only an output is produced, i.e., when a production function is estimated, it can be proved that the 'traditional' multilateral notion of cross input technical efficiency always coincides with Farrell's notion of cost efficiency. It is worth mentioning that we do not need to adopt input homotheticity explicitly in the statement of the next corollary. .
Proof. Aparicio et al. (2015) proved in their Proposition 3 that if s = 1 and constant returns to scale are assumed, as happens in the computation of traditional cross-efficiency, then inputhomotheticity is satisfied. Finally, by Theorem 1, we have (19). ■
The above discussion, which relates traditional cross efficiency to a traditional measurement of overall efficiency, suggests that we could define cross-efficiency in DEA based on the notion of Farrell's cost efficiency, regardless of assuming or not input homotheticity. In this way, for a given set of reference prices (e.g., shadow prices, market prices or, even, other imputed prices),
we define the Farrell cross-efficiency of unit l with respect to unit k as
where L{c,v} denote constant and variable returns to scale.
As in (6),
. Therefore, Farrell cross-efficiency of unit l with respect to unit k corrects the usual technical efficiency, the inverse of Shephard distance function, through a term with meaning of allocative efficiency.
In order to illustrate graphically the meaning of (20) and its decomposition, we resort to Given we have observed n units in the data sample, the traditional literature on crossefficiency suggests to aggregate bilateral cross-efficiencies through the arithmetic mean to obtain the multilateral notion of cross efficiency. In the case of the Farrell cross-efficiency we have: Regarding the properties that this new notion of cross-efficiency satisfies, we next list the most important:
FCE X Y , the better (meaning of efficiency);
Probably, the most remarkable property is P3 since it means that cross-efficiency is welldefined regardless of the assumed returns to scale. As was noted in the Introduction, this issue is critical in the context of cross-efficiency in DEA because the standard cross-efficiency measure under VRS presents the problem of negative values for some DMUs, representing a meaningless result. Almost the totality of the empirical applications involve a VRS characterization of the technology; for example when the units to be evaluated are universities with very different sizes (number of students, number of professors, budget, etc.). This is the reason why some authors have adapted the standard cross-efficiency to accommodate the need of using a VRS DEA model in order to avoid odd values (Wu et al., 2009, Lim and . In our case, we do not need to adapt/modify the FCE to fit well to different types of returns to scale. It accommodates variable returns to scale in a natural way by its definition.
Other important property is P6 since it means that, assuming for example perfect competition, the new approach collapses to the well-known Farrell measure of cost efficiency, which should be the standard reference to be used for evaluating performance and ranking units when information on a common set of prices, in this case market prices, is available. This property is not satisfied by the traditional notion of cross input technical efficiency in the literature, as   
. So, we are going to prove that this second inequality holds.
In this respect, Färe and Primont (1995, p. 136) showed that . ■ Now, applying Lemma 3, we get the desired result.
Finally, it is worth mentioning that analogous results can be derived for the cross output technical efficiency and revenue efficiency when output-homotheticity is assumed.
The Nerlovian economic (profit) cross-inefficiency
In this section, we extend the newly proposed notion of economic cross-efficiency, presented through the concept of Farrell cross-efficiency in the previous section, to the case of graph measures that accommodate both input and output variations. In particular, we introduce the notion of Nerlovian cross-inefficiency based upon the dual relationship between the Nerlovian profit inefficiency and the directional distance function, as presented by Chambers et al. (1998) . Luenberger (1992) introduced the concept of benefit function as a representation of the amount that an individual is willing to trade, in terms of a specific reference commodity bundle g, for the opportunity to move from a consumption bundle to a utility threshold. Luenberger also defined a so-called shortage function (Luenberger, 1992, p. 242 , Definition 4.1), which basically measures the distance in the direction of a vector g of a production plan to the boundary of the production possibility set. In other words, the shortage function measures the amount by which a specific plan is short of reaching the frontier of the technology. In recent times, Chambers et al. (1998) redefined the benefit function and the shortage function as efficiency measures, introducing to this end the so-called directional distance function.
We will first need to introduce some notation.
Profit inefficiency à la Nerlove for a DMU k is defined as optimal profit (i.e., the value of the profit function at the market prices) minus observed profit normalized by the value of a reference Chamber et al. (1998) showed that profit inefficiency may be decomposed into technical inefficiency and allocative inefficiency, where technical inefficiency is in particular the directional distance function
that we do not assume a specific type of returns to scale. Nevertheless, we will utilize
In the case of DEA, when CRS is assumed, the directional distance function for DMU k is calculated through the following linear programming model:
Additionally, when VRS is assumed, then the directional distance function is determined through (24) for evaluating unit k. 
Let also denote one of the possible optimal solutions of problem (26) as   * * * , , .
Once we have introduced the desired notation, we define the Nerlovian cross-inefficiency of unit l with respect to unit k. We consider initially the case of variable returns to scale DEA technologies and, subsequently, constant returns to scale production possibility sets. In this way, and inspired in the Farrell cross-efficiency notion introduced in the previous section when dealing with input-oriented models, we now suggest to consider the shadow prices for inputs and outputs .
On the one hand, it is worth mentioning that   , ; , , ,
values greater than zero since, by the definition of the profit function,
. On the other hand, the next proposition allow us to understand (27) in more detail under variable returns to scale.
is a feasible solution for (26). Regarding the objective function in (26), we have that
which is a contradiction with the fact that   * * * , , 
Consequently, the maximum profit at prices 
The arithmetic mean of (27) over all observed units yields the final score for firm l:
And, finally, taking the mean over all the units in the sample, we obtain that the Nerlovian approach coincides with the cross-inefficiency defined by Ruiz (2013) 
Empirical application to warehousing data
To illustrate the new concept of economic cross-(in)efficiency and its empirical implementation, we rely on a database on 102 warehouses operating in the Benelux area recently compiled by Balk et al. (2017) for 2017-see their section 4 for specific details on survey methods, sample size, and final dataset. Following these authors, as well as previous studies by
De Koster and Balk (2008) and Johnson and McGinnis (2011) , we characterize the production technology in terms of the following three inputs and four outputs. Table 4 presents our second set of results on to the new Nerlovian profit cross-inefficiency measure based on the profit function and its duality with the directional distance function; i.e., expression (30). As normally assumed in the empirical literature we consider that the directional vector corresponds to the observed input and output quantities:
Following the presentation in the theoretical section, we start our discussion considering the results obtained under the assumption of variable returns to scale. The first conclusion worth highlighting is that the ability to discriminate among VRS efficient observations is complete. 
Summary and Conclusions
Despite the capability of cross-efficiency to yield a suitable ranking of observations based on the (shadow) prices associated with all the sample units when evaluating each observation, these techniques have developed without establishing any connection with the literature devoted to measuring economic efficiency when prices are present; i.e., relying on microeconomic theory.
This paper makes the connection between the concepts of economic efficiency and crossefficiency. Economic cross-(in)efficiency measures the performance of observations in terms of a set of reference prices that could correspond to either market prices, shadow prices or any other imputed prices. Hence, this economic cross-efficiency measure can be interpreted as the capability of firms to behave optimally by reaching minimum cost or maximum profit for a wide range of prices. The new methodology is particularly relevant in studies where market prices are not readily available because of the institutional framework (e.g., public services such as education, health, safety, etc.), but yet a robust ranking of observations based on their performance is demanded by decision makers and stakeholders.
Within the DEA framework we show that, under input homotheticity, the traditional bilateral We emphasize that a key advantage of the Farrell and Nerlovian cross-(in)efficiency measures is that they are well defined under variable returns to scale (VRS) by yielding scores that always lay between zero and one for the former and are always greater than zero for the latter. This solves a well-known weakness of the standard cross-efficiency methods, which may result in negative scores when the technology is characterized by VRS. The economic cross-(in)efficiency methodology solves this problem in a natural way, without proposing ad-hoc methods such as those based on data translations (e.g., Lim and Zhu, 2015) .
We illustrate the new models and associated measures using a recently compiled data set of European warehouses. We show that the economic cross-efficiency measures FCE and NCI are well defined under constant and variable returns to scale, and how they can be decomposed according to technical and allocative criteria. Moreover, the large rank correlation between the standard cross-efficiency values and the new Farrell cost cross-efficiency under constant returns to scale, suggests that these latter model can be extended to variable returns to scale with confidence. We compare the constant and variable returns to scale measures, and conclude through the visual inspection of their kernel density functions and associated Li tests that assuming alternative returns to scale does make a difference in the evaluation of economic performance, since results are statistically different. This is a remarkable conclusion because the numerical differences between the constant and variable returns to scale measures signal that warehouse operations are characterized by non-homothetic technologies (i.e., Theorem 1 does not hold), which further justifies the introduction of the new economic cross-efficiency models under variable returns and reinforces their use in empirical applications. How to interpret the difference between both sets of results in economic terms is harder than in the technological case associated to scale (in)efficiency, because different assumptions regarding the market structure need to be brought into the analysis (e.g., perfectly or imperfectly competitive markets, and long and shortrun equilibria).
Next we identify some avenues for further follow-up research. First, we resorted in this paper to two specific approaches for measuring economic efficiency, and transpose them to the realm of what we term economic cross-efficiency evaluation. However, it seems natural to apply other alternative approaches like, for example, those related to the hyperbolic measure (Färe et al. 2002, and Prieto, 2006) or the weighted additive model (Cooper et al., 2011, and Aparicio et al., 2016) . Second, there are contributions in the literature that study the measurement and decomposition of economic efficiency change over time when panel data are available (see, for example, Maniadakis and Thanassoulis, 2004, and Juo et al., 2015) . A natural extension of the current paper would result in a model measuring how economic cross-efficiency rankings change over time. Third, there does not exist a notion of cross-efficiency in the parametric approach to efficiency analysis, where cost functions, for example, are estimated once a functional form has been specified, and depending on a set of parameters that must be estimated. In this respect, the introduced Farrell cost cross-efficiency measure could be determined parametrically, constituting a first application of cross-efficiency in the parametric framework for efficiency measurement.
Fourth, one difficulty with traditional cross-efficiency evaluation is the possible existence of alternative optima in the DEA models providing the weights (first stage), resulting in different cross-efficiency scores (second stage). The approach that has been traditionally followed to address this issue is based on the use of secondary goals as criteria to choose a given set of weights among the alternative optimal solutions. The well-known benevolent and aggressive approaches proposed in Sexton et al. (1986) and Doyle and Green (1994) are among the most popular ones.
All these proposals are relevant qualifications and natural extensions that would result in the consolidation and improvement of the new concept of economic cross-efficiency.
